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$1. INTRODUCTION 
LET X be a topological space and iJ the diagonal in X x X. A map f: X x X - A -+ S”-’ 
is called equivariant iff(x, y) = -f(y, x ) f or all (x, y) E X x X - A. Any topological embed- 
ding F: X + R” gives rise to an equivariant map, namely define 
F(x) - F(Y) 
Rx9 y, = 11 F(x) - F(y) 11. 
The following converse is a corollary of [2, Tht?ort?me 1’1: 
THEOREM 1.1 (Haefliger). Let M be a compact differentiable n-dimensional mangold and 
suppose there exists an equivariant map M x M - A -+ S”- I. Then there exists a dlyerentiable 
embedding of M in R” provided 2m 2 3(n + 1). 
Let M* denote the quotient space obtained from M x A4 - A by identifying (x, y) N 
(y, x). Then the projection A4 x M - A -P M* is a double covering, and an equivariant 
map M x M- A--+Sm-l yields a map of double coverings 
MxM-A f ,S”-’ 
I 
M* 
1 
9 pm-1 
If z generates H'(P"'- ’ ; Z,), then g*z = u = first Stiefel-Whitney class of the double 
covering M x M - A -+ M*, and conversely any map g satisfying g*z = u can be covered 
by an equivariant map f since a double covering is classified by its first Stiefel-Whitney 
class. Hence we have 
COROLLARY 1.2. If M is a compact d@erentiable n-dimensional manifold which embeds 
in Ii”, then there exists a map g : M* -+ Pm-l such that g*z =$rst Stkfel- Whitney class of 
the double cover M x M - A + M*. The converse holds if2m 2 3(n + 1). 
In this paper we use (1.2) to obtain the following result: 
THEOREM 4.1. Suppose n = 2’ + 2, r 2 3. Then real projective n-space P” embeds in 
R2,,-2 
P”, as above, was previously known to embed in R”‘-‘. 
In $2 we replace (P”)* by a homotopically equivalent space and we compute the mod 2 
t Since writing this paper, I have been informed that S. Feder and S. Gitler have independently obtained 
some of the results of $3. 
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cohomology of the latter in $3. In $4 we apply obstruction theory to obtain the embedding 
result. 
Existence of a map g as above implies that urn = 0, and at first glance it might be hoped 
that this would yield non-embedding results. However, it turns out that this yields exactly 
the same results for real projective spaces as obtained by dual Stiefel-Whitney classes. 
The author is indebted to Professor P. E. Thomas for several very stimulating conversa- 
tions concerning this work. 
$2. SOME GROUP ACTIONS ON V,,,z 
Let V,,, denote the Stiefel manifold of orthonormal 2-frames in R”. The orthogonal 
group O(2) acts on V,,, as follows: If A = (aij) is a 2 x 2 real orthogonal matrix and 
(VI, Q) E v,,, , then A(+ v2) = (aI 1u1 + aZl~Z, aI2 o1 + uz2 vJ. We will consider the 
following subgroups of O(2): 
(2.1) 
D = (I, -I}. 
We have the inclusions 
(2.2) D c O(1) x O(1) c G c O(2). 
We consider the orbit spaces 
(2.3) Xn,, = v,,,/Q Z,,, = v,,,/O(l> x O(l), 
SZ,,, = K,,/G Gn.2 = K,,/W). 
G,,, is the Grassman manifold of unoriented 2-dimensional subspaces of R”, X,,, is 
the tangent sphere bundle to P”-‘, and Z,,, is the projective bundle associated with the 
tangent bundle of P”-l. The inclusions (2.2) give rise to the commutative diagram 
D-r,O(l) x O(1) LGAO(2) 
I 
I I 
I 
:.,2 = 
+ 
(2.4) +K,2 = VI,2 =+ V”,, 
-1 
R’ III: 
I I 
X x2 n.2 ’ z*.,, x’ + szn,2- 42 G 
Each column is a principal bundle, and the maps x1, z2 are double coverings. The map 7~~ 
identifies antipodal points in each fibre of the tangent sphere bundle of P”-I. 
We have a map of double coverings 
z f, 0 
p”-’ x p”-1 _ A 
(2.5) I 
Cl 
I 
WI.2 
f’ + (P”_I)* 
where f is the inclusion defined by f(z(vl, v2)) = ([u,], [u,]), where [vi] is the element of 
P’-l determined by vi. 
PROPOSITION 2.6. f and f’ in (2.5) are homotopy equivalences. 
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Proof. Since f’ is induced by the bundle mapf, it suffices to show that f is a homotopy 
equivalence. A homotopy inverse to f is given by h : P”-l x Pnel - A -+ Z,,, , defined by 
h([uJ, [uJ) = n(vl, v2) where (Q, UJ is obtained from (ur, UJ by the Gram-Schmidt process. 
h is well-defined in view of the identifications made under 7~. 
We conclude this section by noting a map of double covers 
X.,z L Zll,, 
(2.7) I 
112 
1 
111 
-%,2- g' s-%,2 
where 
53. MOD 2 COHOMOLOGY OF X&a 
Z, coefficents are to be understood throughout his section. We begin by recalling the 
following fact: 
PROPOSITION 3.1. Let t be an n-plane bundle over a space X, S(5) the associated sphere 
bundle, P(r) the associatedprojective bundle, and n: P(C) + X the projection. Then z* : H*(X) 
+ H*(P(?J) is injective and as an H*(X)-module, H*(P(t)) has 1, v, . . ., v”-’ as basis where 
v =first Stiefel- Whitney class of the double cover S(t) -+ P(5). Moreover, tf H’(X) = 0 for 
i>n,thenforkZO, 
n-k k 
V “+k = izl jzozj((Th+k- j(<b”-’ 
where wj([) = jth Stiefel- Whitney class of 5, Wj(c) = jth dual Stiefel- Whitney class of 5. 
The first part is well-known and an exposition can be found in [3]. The formula in the 
last part, for k = 0, is also in [3] and the formula follows in general by a straightforward 
induction. 
COROLLARY 3.2. If 5 is as in (3.1), and if k is the largest integer for which W,(C) # 0, 
then v”+~-’ # 0, v”+~ = 0. 
LEMMA 3.3. Let u denote the first Stiefel-Whitney class of the double cover z1 : z,,, -_, 
SZ,,, and let k be the largest integer for which Kk(Pn-I) # 0. Then ZC”+~-’ # 0. 
Proof By (2.7) and (3.2), g’*(u”+k-2) # 0. 
From (2.4), by converting the bundle projections into inclusions, we obtain the com- 
mutative diagram 
v, “2k V”, = V”, -=-+V”, 
I 
R’ 
1 
z 
1 I 
(3.4) X,, d A SZ,,, - G,,, 
I 
P4 
1 
P2 
1 
PI 
BD-L,BO(l) x BG(l)A BG ABG(2) 
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where each column is a fibration. 
Recall that H”(BO(2)) = Z,[w,, w,], Wi the ith universal Stiefel-Whitney class. 
PROPOSITION 3.5. Let xi = iT(wi), i = 1, 2. Then H*(BG) = Z,[x, x1, x&(x* - xxi) 
where x E H’(BG). Zf n 2 4, then referring to (3.3) and (3.4), pTx = u. 
Proof. It is well known that izi: is injective and hence i: is injective. 
We have a fibration 0(2)/G -+ BG L BO(2) and 0(2)/G is homeomorphic to S’. The 
Gysin sequence, together with the injectivity of i:, implies that as an H*(B0(2)) module 
H*(BG) has as basis 1, x for some x E H’(BG). 
Since V,,, is simply connected, pz and pz are isomorphisms in dimension 1. Since 
rr;u = 0 andp:i,*x, # 0, we have u # pzx,. Thus we can choose x so that pzx = u. We have 
then, igx = 0 since pzizx = 7-t;~ = 0. 
H*(BG) has as basis XT, x2, xq, and since iz is injective on the image of i;, it follows 
that the kernel of iz in dimension 2 is generated by xxl. By (3.3), x2 # 0. Hence, since 
izx’ = 0 we must have x2 = xx,, completing the proof. 
Recall that H*(V,,,) = A2[an-2, a,_I], a, E H’(V,,,). 
PROPOSITION 3.6. In the spectral sequence of the$bration V,,, + G,,, 5 B0(2), a, trans- 
gresses t0 ~i+l, the (i + 1)st universal dual Stiefel- Whitney class, i = n - 2, n - 1. 
Proof. If 5 is a 2-plane bundle over a space X, it is not hard to see that there will 
exist a bundle monomorphism of 5 into the trivial n-plane bundle over X if and only if 
the associated bundle with fibre V,,, , with O(2) action on V,,, as in $2, admits a cross- 
section. If the former is the case, then i&(5) = 0 for all k 2 n - 1. It follows that pTWk = 0 
for all k 2 n - 1. Hence a,_, must transgress to Wn-r. 
We have the commutative diagram 
I/‘, n2& %I+,,, 
I I 
%~----+G,+I 2 
-1 ’ 1 
BOG’) = BO(2) 
From the above, the generator a’,_, of H”-1(V,,+1,2) transgresses to W,. Since i*a’,_, = 
a,-,, a,_ 1 must transgress to W, . 
THEOREM 3.7. pg : H*(BG) + H*(SZ,,,) is surjective with kernel the ideal generated by 
ids _ andi*@ 1 n 1 1 “’ 
Proof A straightforward calculation yields 
(3.8) 
k-i 
w,=c i WI w*. 
i( 1 k-2i i 
This, together with (3.9, imply that iT%, is not in the ideal generated by i:W,_,. The 
theorem now follows from (3.6). 
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THEOREM 3.9. Let n 2 4, n = 2’ + s, 1 I s I 2’. Let y, = pzx,, y, = pzx, in H*(SZ,,,,). 
Then 
Yl’+‘-l = 0, uyTr+‘-Zy;-l # 0. 
Proof. From (3.8), Wz,.+i-l = ~‘r~~+‘-‘. It follows from (3.7) and (3.8) that the kernel 
ofpz contains all i$k, k 2 n - 1, and so ~i~‘+‘-~ = 0. 
To prove the second statement, it suffices to show by (3.7) that y12r+‘-2y2s-1 # 0. 
Referring to diagram (3.4), it suffices to show that r~~(yi~‘+‘-~y~~-~) # 0. 
Write u = first Stiefel-Whitney class of the double cover 7r2 : X,,, + Z,,, and z = genera- 
tor of H’(P”-I). By (3.1), H*(Z,,,) is the free H*(P”-I) module with basis 1, v, . . . . vnm2 
Sincep: is an isomorphism in dimension 1, there is a unique class in H’(BO(1) x B0(1)) 
whose image under pz is v. Since n:u = 0 and since pt is an isomorphism in dimension 1, 
this class must be in the kernel of it. In dimension 1, the kernel of iz is generated by ifx, 
and so v = pzizxl = zyyul. 
n:y, = nfp’p:x, = p:izxz. Since ps is injctive in dimension 2 and since i,*x, # 0, 
z:y, # 0. From the Wu formula, Sqlw, = wlw2 in H*(B0(2)), and so Sq1($Y2) = v7c~y2. 
The only non-zero element of H2(Z,,,) with this property is easily seen to be z2 + ZY, and 
so ?t:y, = z2 + zv. 
A straightforward calculation, using (3. I), yields 
n-2 
G(YIr+i-2 YS-‘> = igo bi ui, bi E H*(P”-‘), 
with b,-2 # 0. 
$4. EMBEDDING OF PROJECTIVE SPACES 
THEOREM 4.1. Suppose n = 2’ 4 2, r 2 3. Then P” embeds in RZnm2. 
Proof. By (1.2) and (2.6) it suffices to show that there exists a map g: SZ,,,,, + P2n-3 
such that g*z = u. If 5 denotes the real line bundle over SZ,,,,, with wr(t) = U, then it is 
easy to see (e.g. [I, $I]) that such ag will exist if and only if q = (2n - 2)5 admits a nowhere- 
zero cross-section. 
Since dim SZ,,,,, = 2n - 1, there are only two possible obstructions for such a section 
to exist. q is orientable. The first obstruction is the Euler class x(q) in H2”-2(SZ,+1,2; Z). 
x(q) = ~(25)“~ *, x(25) = 6~ where 6 is the Bockstein associated with 0 -+ Z + Z -+ Z, -+ 0. 
Hence 2~(2t) = 0. The mod 2 reduction of ~(25)“~~ is uZne4 = uyfnm5 = 0 by (3.9). Hence 
~(2t)“-~ = 2c for some c, and so x(q) = 2~(25)c = 0. 
According to [4], the last obstruction is an element of 
A = H2”-YSZ,+1,2; ~,>/W + W2(‘1))~2”-3(SZ”+1,2; 2). 
By (3.9), H2”-‘(SZ,,+l,2 ; Z,) is generated by ~y:*+‘-~yi. We have w2(q) = 
( ) 
2n 2 2 n2 = 
uy,. We have ~yT+‘-~y, = Sq1(uyf’+1-3y2), and so ~yy”-~y, is the mod 2 reduction of 
an integral class. A straightforward calculation yields (Sq2 + ~~(~))(uyf”+‘-~y~) = 
UYl 2’+‘-2y~, and so A = 0. 
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Remark 4.2. Similar proofs yield embeddings of P” in R2n-2 for certain other values. 
of n, but these embeddings were previously known. 
Remark 4.3. The proof of (4.1) yields existence of an equivariant mapP6 x P6 - A -+S9 
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